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Abstract 

We construct the aetion for N M2-branes on ! 1^2 ■ The resulting 
theory has a gauge anonialy but this ean be eaneeiieei if the two fixed 
point planes eaeh support 8 ehirai Fermions in the fundamental of 
U{N\ Taking the Iow energy Iimit leads to the worldsheet theory of N 
free heterotie strings whose quantization induces an spacetime gauge 
symmetry on eaeh fixed point piane. Thus this paper presents a non- 
aheiian worldvolume anaiogue of the classic Hofava-Witten analysis. 
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1 Introduction 


M-theory is still a somewhat mysterious theory with no satisfactory microscopic 
description. Formally it ean be thought of as the strong eoupiing Iimit of type IIA 
string theory. As such fundamental strings hft to wrapped M2-branes. Putting this 
the other way M-theory on gives type IIA string theory and wrapped M2-branes 
become fundamental strings. A variation of this is the striking result that M-theory 
on an interval, viewed as an obifold /Ij 2 , gives the x heterotie string [1, 2]. 
From the M-theory point of view the appearanee of a dynamical E^ x E^ spacetime 
gauge bundle is somewhat magieah Its existence is inferred from the need to eaneei 
ten-dimensional spacetime gauge anomahes, aiong with the fact that there are two 
hxed points planes so that the gauge group must factorize into two equal components. 
This selects the E^ x E^ heterotie string over the Spin{32)/7^2 one. 

The the aim of this Ietter is to construct the non-abelian aetion for muitipie 
heterotie strings from an S^/72 orbifold of E M2-branes, aiong with additional 
twisted sector states. Reducing to two dimensions this leads to a theory of N free 
heterotie strings. In a sense this is a non-abehan worldvolume anaiogue of the Hofava- 
Witten analysis [1, 2] whieh was largely based on spacetime anomalies, aithough [1] 
also gave an argument for the existence of a ehirai e = 16 twisted sector in the aheiian 
M2-brane theory using worldvolume gravitational anomalies. Furthermore in [3, 4] 
the existence of twisted sector fermions was identi£ed using anomahes in a Matrix 
construction of the heterotie string. In our analysis we must again appeai to the 
iogie that consistency of M-theory on an orbifold implies the existence of new states 
that are localized at the fixed points, without a true microscopic understanding. 
Nevertheless we hope that this analysis helps to shed more Iight on the origin of E^ 
structure from an M-theory perspective. In partieuiar it has the arguably less exotic 
aim that we need only Iook for additional ehirai Fermion modes at eaeh hxed point, 
with no apparent non-abehan structure. The E<^ spacetime symmetry on the £xed 
point planes then arises from quantization of the worldsheet fermions in a weii-known 
way [5, 6]. 

The extra fermionic degrees of freedom that we require should only arise in the 
case of an orbifold S^/72. simply putting an M2-brane on an interval, for example 
if the M2-branes are suspended hetween two M5-branes, is not expected to lead 
spacetime E^ gauge symmetry. Otherwise it would show also up in the dynamics of 
the (2, 0) theory and henee on D4-branes. Thus our analysis is complimentary to the 
boundary conditions considered in [7, 8]. On the other hand these fermionic degrees 
of freedom wiii arise in the case of the (1,0) E-string theories that have recently been 
studied in [9, 10]. M2-brane anomalies have also recently featured in [11]. And we 
hope our analysis wiii be useful for these theories. 
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The rest of this Ietter is organised as follows. In section 2 we wiii review the world- 
volunie theory of N M2-branes and construct an orbifold of it under a worldvolume 
parity transformation, resulting in a two-dimensional Kaluza-Klein (KK) theory with 
a single U{N) gauge group. In section 3 we wiii argue that the this two-dimensionaI 
theory has a gauge anomaIy whieh ean be cancelled if eaeh of the two £xed-point 
planes supports 8 ehirai modes in the fundamental U{N). In section 4 we wiii take 
the Iow energy Iimit of the anomaIy-free theory and show that it reduces to N copies 
of worldvolume theory the heterotie string with X ^'(^(Iô) symmetry, leading 

to spacetime x Eg gauge symmetry in ten dimensions. In section 5 we state our 
concIusions. 


2 Orbifolding M2’s 

Let us reeaii the aetion for N M2-branes [12] in an transverse space obtained 

as a U{N) x U{N) Chern-Simons Matter theory: 

S=-tTj d^x[ 

M — ( A^P) - —A^ A^A^\ - — ( A^r) A^ - — A^ A^ A^ 

^ 4yr 2 g ^m^n ) 

+ Z^- Zb] - Z^- Za] 

k k 

- , Z^-,1p^] + '^īīe^^^^'lpA[Zc,ZD]'lpB]^ , ( 1 ) 

where we have used the construction of [13] with 

Tg® = [ZC, ZO; Zb] - iig[Z®, Z°; Ze] + [Z®, Z°; Ze] . (2) 

IZ'', Z«; Zc] = Z''ZcZ‘' - Z‘‘ZcZ-' . (3) 

and, e.g. 

D^Z^ = d^Z^ - tA^Z^ + iZ^A^ . (4) 

In these expressions the matter fields are N x N complex matrices and the gauge 
£elds are hermitian N x N matrices. Turthermore hermitian conjugation acts by 
raising/lowering the R-symmetry index A = 1,2, 3,4. We use a convention where 
m = 0,1, 2 and 7 ^ are 2x2 reai matrices. The same aetion also describes the originai, 
maximally supersymmetric, model of [14, 15] for two M2-branes if the gauge group 
is taken to be SU{2) x SU{2). For a review of these theories see [16]. 
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The aetion is invariant uneier the J\f = 6 supersyninietry transforniations: 

^TT ^TT 

^TT ^TT 

271 

5,,Pb = l^DmZ^eAB + -t^T^cd , ( 5 ) 

k 

where e^^ = \e^^^^ecD- 

We need to hnd a suitable notion of parity on the £elds under -A- —x‘^. Since 
the Chern-Simons terms are parity odd, naively this ean be corrected by sending 
k —)■ —k. However this is not a symmetry of the theory since the eoupiing constant 
is changed. More correctly one thinks of swapping the two U{N) gauge groups. In 
[12] parity was de£ned as —)■ —and 

Z^{x^) ^ {Z^{-x^))^ 

ijA{x^) l2{ijA{-X^))^ 

^ = 0,1 

AAA) ^ -Af"{-x^) . (6) 

However if we think of Z"^ = + with X^ hermitian, then this also involves 

a reheetion in the a:^, a;®, directions, corresponding to an 0(6)-plane rather 

than the O(10)-plane that we wish to consider. Therefore in this paper we wiii 
consider the following aetion of parity: 

Z^{x^) {Z^{-x^)f 

'ipA{x‘^) 'y2{'l/jA{-x‘^))^ 

xyA) ^ -(a+{-xA)‘ = 0,1 

A+{x-^) ^ {A+{-x^))' . (7) 

A straightforward eaieuiation then shows that this is indeed a symmetry of the aetion. 

If we impose the orbifold, corresponding to states that invariant under —x^, 

then we must restrict to £elds that satisfy 

Z-*{-x^) = {Z^{x^))‘ 

M-A) = i2{M.xy)‘ 

A+{-x^) = -{A+{xM 

A+{-x^) = {A+{x^))‘ . (8) 
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This breaks half of the supersymmetry as 

Thus (5eZ^(—x^) = {5eZ^{x'^))^ if and only if 

^ _^AB 


( 9 ) 


( 10 ) 


One ean then verify that all the other supersymmetries generated by respect the 
orbifold conditions. 

The orbifold also breaks the U{N) x U{N) gauge group whieh acts, for example, 
on Z^ as —)■ One finds that the surviving gauge symmetries satisfy 


= 9l{-x^) 


( 11 ) 


Thus there is just a single U{N) gauge group, whieh, from the point of view of the 
three-dimensional theory, acts non-locally: 

Z\x^) -* g(A)ZAx^)g‘{-x^) . ( 12 ) 

Aithough it acts locally at the fixed points. 

We ean solve the orbifold conditions by considering the KK mode expansions (it 
is sufīicient to restrict to integers n > 0) 


cos 
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Here = |(l=t72)'0A and a prime on the sum indicates that the n = 0 eontrihution 
has been omittedd In addition a £eld with a hat is symmetric in its Lie-algebra 
indices whereas a £eld whereas a £eld with a tilde is anti-symmetric. 

Aithough rather cumbersome one could substitute these expansions in to the 
supersymmetry transformations to obtain transformation ruie on the various KK 
modes. We could also substitute this ansatz into the aetion leading to an expression 
of the form 


Sorb ~ 


E 


tr / (fx 


D^Z^D^ZAn 


2 2 
^Z^ZAn + D,Z^D^ZAn + 


+ i'lp^+YD^'lpAn+ + ifn-^^D^ĪpAn- + -^fn-fAn+ “ -^^n+^An- 

+ i'lp^+'J^D^'lpAn+ + i^n-I^^^^^An- “ ^■^'^^+^An- + ^-^'^n-i’An+ + • • • } , 

(14) 


involving the inhnite towers of KK modes. Again it is not particularly instructive 
to obtain a more explicit expression for this aetion. However it is worth observing 
that for n 0, {'ipAn+,'ipAn-) and {'ipAn+,'īpAn-) pah up into non-ehirai fermions with 
masses n/R. However 'ipAo+ and 'ipA-o remain massless ehirai fermions. 

As in any KK reduction of a gauge theory there is an inhnite tower of gauge 
symmetries. However we wiii mainly be interested in the two-dimensional U{N) 
gauge transformation that are constant aiong whose gauge £eld is A^q. One then 
sees that the £elds simply transform under this U{N) as, for example, 

^ gZ^f . (15) 


This is a reducible representation whieh ean be decomposed into the symmetric and 
anti-symmetric representations. Thus with regards to the zero-mode gauge group 
£elds with a hat transform in the symmetric of U{N) whereas £elds with a tilde 
transform in the anti-symmetric of U{N). 

Aithough we have put the three-dimensional theory on an orbifold, whieh ean 
alternatively be thought of as a eompaetiheation on a Iine segment, there are no 
spurious boundary terms to consider that might break supersymmetry as the £elds 
whieh arise from three-dimensions are all smooth at the £xed points. Thus the 
resulting aetion Sorb wiii have (0,6) supersymmetry generated by 

’ We have assumed periodic boundary conditions for the fermions, with n £ Z. We could also 
consider supersymmetry hreaking boundary conditions for the fermions by repiaeing n —>■ r £ Z + ^ 
in the mode expansions for 'pA±- However we are primarily interested in the massless modes here. 
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3 An Anomaly and Its Ganeeiiation 


The two-dimensional aetion we have constructed has a U{N) gauge symmetry and 
a massless gauge £eld In addition it has massless ehirai fermions 'i/jao+ in the 
symmetric representation of U{N) and ipAo- iii fhe anti-symmetric representation of 
U{N). Therefore there is a gauge anomaly. In partieuiar by standard arguments 
there wiii be an anomalous variation of fermionic measure in the path integrai of the 
form: 

5Jniy = tr^^^^ (J- j uFo^ - tr^^^_ . (16) 

To eontinue, since u{N) is not simple, we need to spht u{N) = u{l)®su{N) and treat 
the m( 1) factor separately from su{N). Let us introduce generators t,., r = 1,1, 
for su{N) and for n(l). 

For su{N), since 'ijjAo+ cind are in the symmetric and 'i/^ao- eire in the anti- 
symmetric we £nd: 

5uGsu{N)^riW = 4 {I{sym) - I{anti - sym)) f ^'"FJ)po] , (17) 

r^O h / 

where the factor of 4 comes from the sum over the R-symmetry label A and the index 
I{R) is de£ned by the reiation 


l^R{trts) i^{R)^rs • 


(18) 


For su{N) one £nds 


I{sym) = {N + 2)I{fund) 
I{anti — sym) = {N — 2)I{fund) , 


(19) 


where I{fund) is the index in the fundamental representation of su{N). Henee 
(5a;e^«(v)lnhF = 161{fund) 

r^O h / 


For the m( 1) part we £rst note that the normalisation of t^ required to embed 
U{1) into U{N) is 

^/w ^ —lwxv , (21) 

reheeting the fact that the minimai U{1) eharge is 1/N. Thus I{fund) = 1/N. Next 
we notiee that states in 'ifAo+ and 'i/ao- have twiee the U (i)-eharge of the fundamental 
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representation, i.e. 2/N. However since there are 4 x \N{N + 1) states in 1 /^ 0 + and 
4 X ^N{N — 1) states in 'Ī/ao- the anonialy is 4 x iV x 4/iV^ = 161{fund). Thus the 
totai anonialy is 

SJnW = m(fund) Z (^ / ‘^'+ 0 ) • (22) 

Since M-theory is a consistent quantuni theory the orbifold niust provide addi- 
tionai states at the £xed-point locus whieh eaneei this anonialy. Clearly the minimai 
answer is that there must be 16 negative chirality fermions, corresponding to 8 at 
eaeh fixed point, that are in the fundamental of U{N). Thus in addition to Sorb we 
must include 

Sf.p. = -[ iX°:YDpXa-- [ d^x iX°iYDpXa'- , (23) 

where a,a' = and again raising/lowering an a or a' index is hermitian eon- 

jugation. Here the £rst term is localized at = 0 and the second at = ttR 
and 


D^,Xa- = d^Xa- - iAf){x^ = 0)Xa- 

Df,Xa'- = d^Xa'- - iA^^{x^ = TTR^^a'- ■ (24) 

Note that the full H/ gauge £eld appears here, and not just the zero-mode A^q, so 
that the aetion is ioeai. The inclusion of Xa- and Aa/_ wiii also eaneei the gravitational 
anomaly as observed in [1]. 

Finally, for the preserved supersymmetry generated by we have 

, (25) 

and therefore Sf.p., whieh only involves the eomhination Vo — Vi, wiii be invariant 
if we simply take 


deXa- — deXa'- — 0 . (26) 

Thus we propose that the full aetion for N M2-branes on S^/īi^ consists of the 
ABJM theory with £elds restricted as in (8) but also with 8 fermions Xa- in the 
fundamental of U{N) locahsed at the £xed point x^ = 0 and 8 fermions A^'- in the 
fundamental of U{N) localised at the £xed point = ttR. The totai aetion is then 
given by 


anei is invariant under (0, 6) supersymnietries generated by has a SU{4:) x U{1) 
R-symmetry and 50(16) x 50(16) global symmetry. The Iormer descends from 
the M2-brane Iagrangian whereas the Iatter arises from the flavour symmetry of 8 
complex ehirai fermions at eaeh of the £xed points. 

Lastly we ean also consider what would happen if we took the parity operation 
de£ned in (6). In this case the massless modes of the three-dimensional theory on 
the orbifold consist of hermitian Zq, '0ao+ and anti-hermitian ipAo--, he. iipAo- is 
hermitian. Turthermore the orbifold identi£es and gR{x^) = gL{—x^) so 

that the zero-mode gauge group is U{N) with all £elds in the adjoint representa- 
tion. Therefore there is no anomaly. The preserved supersymmetries are again 
Henee we eannot introduce any localized modes at the £xed points that are in a 
non-trivial representation of U{N) without either introducing anomahes or hreaking 
supersymmetry. Therefore we conclude that there are no additional localized modes. 


4 The IR Theory and Eg x Eg Heterotie Strings 


In the previous sections we constructed the orbifold theory of N M2-branes on 
whieh involved some massless £elds aiong with their KK towers and some additional 
ehirai fermions that are localized to the £xed points. Let us now consider the Iow 
energy e£ective theory valid below the KK scale. Therefore we simply set all the 
non-zero KK modes to zero. In the case of an 5^ compactifcation this was done in 
[17] (see also [18, 19]). The result in our case is (we wiii return to the fermions Iater): 

S = -tr 1 ,exDĀ'^D‘‘YA + 

+ kRe‘‘-'{A^F^ + + 27 tR{A^Y-* - Y^A\,^{A\AA - P+o) 

-|- fermions , (28) 


where 

- iA^,Y^ - tY^A% . (29) 

and 

Y^ = , (30) 

have been rescaled to have eanonieai dimensions. Note that the potentiai term (at 
least for small values of k) has the same order as the KK masses: 


V 


2 

3PR2 


r^^{Y)T^^{Y) . 


e 


(31) 
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Thus at Iow energy, heiow the KK scale, we must also restrict to the vacuum moeiuii 
space = 0, whieh, at generie points, consists of eommuting scalars.^ 

Thus the Iow energy effective theory heiow the KK scale is just the effective 
theory on the moeiuii space of vacua. Let us parameterise the moeiuh space as 

= diag(2/j^,...,2/j^) (32) 

This is already consistent with the orbifold aetion whieh requires a constant to 
be symmetric. Note that had we taken the alternative parity de£ned in (6) then 
we would also require the eigenvalues to be reah Thus the motion would be 
restricted to a four-dimensional hyperplane in the transverse space, corresponding 
the fact that the oribfold fixed point is six-dimensional, not ten-dimensional as is the 
case considered here. 

However we also have to mod-out by gauge transformations. For constant gauge 
transformations = g^I and is in the symmetric representation. As with D- 
branes one finds constant discrete gauge transformations that aet to permute the 
eigenvalues. There are also continuous gauge transformations that preserve the vac- 
uum. These are of the form g = diag(e*^i,..., e*^^). To examine their effect we 
evaluate the aetion we expand 

= diag(a^i, ...,a^7v) 

= diag(a 2 i, ...^a^w) 

= -diag(a^i,...,a^ 7 v) 

A^o = diag(a 2 i,..., ū^n) ■ (33) 

We ean also include the fermions by expanding them as 
ijA 0 + = V27īR diag(x^i+,..., Xan+) 



^ Xal- ^ 


^ Aa/i_ ^ 

Aa- = 


: ^a' — 



\XaN-/ 


\Xa'N-/ 


The aetion then becomes 

N 

Svac = “ 

i=i 

+ ixf+YDi,XAi+ + iK-l^D^Xai- + iXf_i^Df,Xa>i- , (35) 

^Alternatively one could consider a Iarge k Iimit that would introduce a scale 1/kR « 1/R 
that is parametrically Iower than the KK scale. 
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where = ô^a^i — ô^a^i and the covariant derivative acts as 



(36) 


The a^i helds ean be integrated out and inipose the constraint F^yi = 0. Thus we ean 
write a^i = d^ai. By pertorming a gauge transformation we ean simply set a^ = 0. 
Note that a^ is periodic with period 27r but uniike the case of uncompacti£ed M2- 
branes this does not lead to a identification of the coordinates. Henee the hnai 
form for the aetion is 



(37) 


where 


/ 


(fxd^yfd^yAi + ixt+'l^di,XAi+ + f+ iXf_x^d^Xa'i- , (38) 


is the aetion for a single heterotie string consisting of 4 complex scalars 4 complex 
right-moving fermions xa+ and 16 complex left-moving fermions A“, A“A Note that 


due to the gauge symmetry whieh permutes the i index the resulting effective theory 
is a symmetric product of N free heterotie strings in 

Lastly it remains to see that this is the Fs x Fs heterotie string. The distinction 
hetween the Eg x Fs and Spin{?)2)/7^2 heterotie strings arises from the ehoiee of GSO 
projection [5, 6]. Here the worldsheet theory arises as the IR Iimit of an M2-brane 
theory with x RO^IG) flavour symmetry and therefore one need only impose 

and ^'(^(IG) x RO^IG) invariant GSO projection. Indeed the A^- and Aa/- fermions 
are not localised at the same orbifold fixed points so an 5^0(32) invariant GSO would 
have a non-ioeai aetion. Quantization of the left-moving fermions then leads to a 
spacetime Es x Es gauge symmetry. Indeed one Es factor appears on eaeh orbifold 
£xed point. 

5 Conclusions 

In this Ietter we have constructed an orbifold of the worldvolume theory of N M2- 
branes on /72. We showed that there was a gauge anomaly but this could be 
cancelled by assuming that there are 8 ehirai fermions in the fundamental of U{N) 
whieh are localized to eaeh of the £xed-point planes. Taking the Iow energy Iimit of 
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the resulting aetion leads to N free Eg x Eg heterotie strings. The paper therefore 
provides a non-abelian worldvolume anaiogue of the classic Hofava-Witten construc- 
tion of heterotie strings [1, 2]. 

We hope that our analysis provides some insight to the M-theory origin of the 
Eg X Eg spacetime gauge structure. In addition it would be interesting to see if the 
non-abehan theory here produces a Iarger spacetime symmetry gauge aigehra for the 
case of muitipie heterotie M2-branes. It would also be interesting to reiate the model 
we have constructed to the (2 -|- l)-dimensional matrix model description of [3, 4]. 
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